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ABSTRACT
We investigate the conformations and shapes of circular polymers close to planar, hard walls as
well as the ensuing ring–wall and polymer-induced wall–wall interactions in ring polymer solu-
tions. We derive, by means of Monte Carlo simulations, the effective interaction potential between
the centres of mass of flexible, unknotted ring polymers and a hard wall for different polymerisa-
tion degrees N. Adopting the coarse-grained description of ring polymers as ultrasoft, penetrable
spheres, mean-field density functional theory is then employed in order to examine ring polymer
solutions under confinement. We demonstrate that, below the semi-dilute regime, ring polymers
structure close to walls muchmore strongly than their linear counterparts, their density profiles fea-
turing pronounced oscillations. Moreover, the polymer-induced depletion potential between the
two walls exhibits an oscillatory profile reminiscent of hard-sphere systems, with oscillations that
intensify upon increasing polymer concentration. The obtained form of the depletion interaction
is shown to be qualitatively different in comparison to the case of linear polymer solutions at the
corresponding densities.
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1. Introduction

Solutions and melts of ring polymers represent a class of
macromolecular systems whose structural and dynami-
cal properties in and out of thermodynamic equilibrium
are profoundly influenced by the polymers’ topological
constraints. At the single-molecule level, these restric-
tions were formulated decades ago in terms of an addi-
tional topological interaction that arises between two
closed polymeric chains which are not allowed to con-
catenate. Surprisingly, this interaction leads to an effec-
tive repulsion between the rings even in the case of absent
excluded volume interactions [1,2]. Macroscopically, the
topological effect brings about a series of major differ-
ences between chemically identical ring and linear poly-
mers of the same length including, for example, a distinct
θ-point of ring polymers in solution [3,4] and an unusual
power-law stress relaxation of entangled ring polymer
melts [5]. Further, topological constraints have a great
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relevance in biological systems: from viral capsids [6–9]
to kinetoplast [10–12] and chromosomes in eukaryotes
[13–15], topology plays a crucial role, for example, influ-
encing and, in some cases, enhancing the organisation
and the stability of chromosomes.

Over the past years, coarse-graining methods have
emerged as powerful and computationally accessible
tools for studying mesoscopic soft-matter systems. They
hinge on the fact that the intrinsically many-body inter-
action between two polymers can be reduced to only
a few coupled degrees of freedom, such as their centre
of mass coordinates, canonically tracing out the fine-
grained degrees of freedom and therefore leaving its ther-
modynamic properties preserved [16,17]. Within such
description, solutions of polymers can be represented
as effective fluids composed of penetrable particles that
interact via some effective, ultrasoft pair potential, veff (r).
The same strategy can be put into practice in the case
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of interactions between polymers with different topology
or polymers and colloidal particles, leading to a com-
plete, multi-scale effective picture of such mixtures. In
particular, this approach has been successfully applied to
the description of linear [18–22], ring [4,23–31] and star
[32–34] polymers, block copolymers [35,36], dendrimers
[37] and polymer nanocomposites [38–42].

In the case of fully flexible ring polymers in good sol-
vent, off-lattice simulations have revealed that the effec-
tive interaction possesses a drastically different form in
comparison to linear chains [23,24], which in the lat-
ter case is Gaussian as confirmed by numerous compu-
tational and theoretical approaches [21,23,35,43,44]. In
particular, for the simplest case of an unknotted (also, the
so-called 01-knot) ring polymer, it exhibits a plateau at
about 6kBT in the region r/Rg,0 ≤ 0.5 for N ≥ 75, where
Rg,0 denotes the gyration radius of a free polymer. On the
contrary, shorter rings feature higher amplitudes of the
potential with a minimum at r=0. Further studies have
shown that the potential veff (r) between the centres of
mass of two rings depends additionally on the knottiness
of two interacting polymers (e.g. 01/31, 31/31, 51/51)
and their polymerisation degree [26]; nevertheless, the
effective potentials between all closed polymers seem
to converge towards a universal, master curve obtained
previously for the 01-topology in the limit of very long
macromolecules.

The origin of the plateau of the effective potential
between rings at close separations can be understood by
considering the mechanism of how the centres of mass
of the rings approach each other: one polymer expands,
whilst the other shrinks and gets nested within the for-
mer. These observations allowed to formulate a simple
but accurate theory of ring–ring interaction, in which
the coils are modelled as two unequal-sized, soft spheres
[25]. The very distinctive form of this effective potential
implies that the structure of confined ring polymer solu-
tions and, especially, depletion interactions between hard
objects, such as colloids or hard walls, mediated by them
may have a very different form in comparison to the case
of linear chains. The possible dissimilarity would origi-
nate purely from the non-trivial topological state of a ring
obtained by joining the ends of a chemically identical,
linear polymer together.

The study of depletion interactions has a great prac-
tical relevance in a wide range of applications as it
affects the stability of polymeric and colloidal suspen-
sions [45]. Essential in understanding these interactions
are two ingredients: first, the aforementioned interac-
tions between the depletants and second, the interac-
tions of the depletants with the solid obstacles (walls or
colloids). For depleting agents with internal, fluctuating
degrees of freedom, such as polymers of any architecture

or topology, a careful coarse-graining approach is nec-
essary, since the ways in which an obstacle reduces the
entropy of a neighbouring polymer strongly depend on
the polymer itself. A quantitative measure of the deple-
tion between two objects is provided by the depletion
potential effectively acting between the large particles
after thermodynamically integrating out the smaller ones
[16]. Our final attention in this article will be drawn
precisely to the depletion interaction between two hard
walls immersed in a solution of ring polymers and its
distinction compared to the case of linear ones. Going
beyond the Asakura–Oosawa model, which predicts
an exclusively attractive form of the potential between
the walls [46–48], we employ a mean-field theoretical
approach, taking into account additional correlations
between interacting coils [18,19]. These correlations are
much more pronounced in the case of hard, spherical
depletants, which in the latter case result in an oscillating
profile of the potential [16]. We find that, surprisingly as
it seems at first sight, the ring-induced depletion inter-
action is much more similar to that induced by hard
spheres than to that induced by linear polymer chains.
Interestingly, such a difference cannot be traced back to
the limit of stiff linear and ring polymers, corresponding
to hard rods and disks, respectively: in both cases the rod-
and disk-induced depletion potentials between two col-
loids feature a similar form with a repulsive maximum at
about 10−1kBT for comparable, dilute concentrations of
the depletants [49–51].

The rest of the article is structured as follows: after
providing an overview of the employed computational
and theoretical methods in Section 2, we briefly con-
sider in Section 3.1 the effect of slit-like confinement
on the metric properties of a flexible, unknotted ring.
In Section 3.2, these results are compared to the case
of a single-wall confinement, when the shape, size and
orientation of the polymer are investigated in depen-
dence on the separation between its centre of mass and
a planar, impenetrable wall. These two sections serve
as a bridge between properties of confined ring poly-
mers at a single-molecular level and in solution, which
are discussed afterwards. In Section 4, we supplement
the above-mentioned, coarse-grainedmodel of ring poly-
mers with an effective interaction potential between the
centres of mass of the polymer coils and a hard wall
obtained by means of Monte Carlo (MC) simulations.
The effective potentials are then used in Sections 5 and 6
to obtain the equilibrium structure of confined ring poly-
mer solutions employing standard density functional
theory (DFT) methods within the range of applicability
of the effective model, that is, in the dilute concentra-
tion regime. In order to characterise ring polymers as
depleting agents, in Section 6 we present the depletion
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potential acting between twoplates immersed in the solu-
tion thereof, which, as we will show, possesses an oscil-
lating profile that intensifies with increasing density of
the fluid. Moreover, to show a clear difference between
confined ring and linear polymer solutions, we system-
atically compare the results that can be obtained for the
two aforementioned architectures using effective models.
Finally, we summarise and conclude in Section 7.

2. Model andmethods

We briefly consider in this section the theoretical and
numerical methods used throughout the article. In par-
ticular, we first present details on the MC numerical
simulations, then we define the metric properties for a
ring polymer. Finally, we give a concise introduction to
the employed DFT calculations.

2.1. Numerical simulations

We perform off-lattice MC simulations of fully flexible,
unknotted ring polymers to investigate theirmetric prop-
erties under planar confinement and to develop an effec-
tive, coarse-grained model for the interaction between
their centres ofmass and a planar, impenetrable wall. The
system is always at the so-called infinitely dilute concen-
tration, i.e. we consider only one ring confined by one or
two hard walls.

Polymer chains are modelled using a standard, bead-
spring model, introduced by Grest and Kremer [52]. The
excluded volume interactions among the beads are mod-
elled by the Weeks–Chandler–Andersen (WCA) poten-
tial

VWCA(r) = 4ε
[(σ

r

)12 −
(σ

r

)6 + 1
4

]
�
(
21/6σ − r

)
,

(1)
where �(·) denotes the Heaviside step function. The
potential is purely repulsive and therefore resembles good
solvent conditions. Neighbouring monomers along the
backbone are boundwith the finitely extensible nonlinear
elastic (FENE) potential

VFENE(r) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

−15ε
(
R0

σ

)2

ln

[
1 −

(
r
R0

)2
]
,

for r ≤ R0,

+∞, for r > R0,

(2)

where we choose R0 = 1.5σ .
Unless otherwise stated explicitly, hard walls in our

simulations are parallel to the xy-plane of a Cartesian
coordinate system, and act as additional external poten-
tials for all the monomers. The functional form for the

interaction between the hard walls and the monomers is
chosen to be

Vwall(r) ≡ Vwall(z) =
{

+∞, for z ≤ 0,
0, otherwise,

(3)

where r denotes the position of a bead. Such a choice is
suitable for MC simulations. If only one wall is consid-
ered, it is placed at z=0 and fills the region with z ≤ 0;
otherwise, a slit of width d is obtained as a superposi-
tion Vwall(z) + Vwall(d − z). Finally, we choose σ as our
unit of length and set the reduced temperature to unity
kBT∗ ≡ kBT/ε = 1.

Metropolis MC simulations are performed employ-
ing simple translational displacements of individual
monomers in conjunction with collective crankshaft
moves; one MC step is defined as a combination of N
trial translational moves and one crankshaft move. Dur-
ing a crankshaft move for a polymer (either ring or
linear) with N beads, we randomly choose two of its
monomers that are separated by at most N/3 particles
and rotate the shorter of the two formed segments by a
random angle around the axis connecting the two cho-
sen monomers (for further details, see appendix A of
[27]). Relevant quantities were usually sampled every
104−105 MC steps, which corresponds to a complete
decorrelation of configurations for the longest polymer
considered in weak confinement (decorrelation times for
strong confinement, i.e. close to hard walls, are typically
higher by two orders of magnitude).

Special attention must be paid to the topological state
of a ring polymer, which has to be preserved. Therefore,
we strictly forbid any violation of the initial topology of
the ring by rejecting every trial MC move for which a
bond crossing had occurred, employing the algorithm
outlined in appendix A of [25]. On the other hand, topol-
ogy does not constrain phase space exploration for linear
polymers and thus checks for bond crossings are not
included in simulations of linear chains.

Further, we shortly discuss the method employed for
calculating the effective potential between the centre
of mass of a polymer and a planar, hard wall located
at z=0. In this case, Veff (r) will depend solely on z,
as the translational symmetry of our system is broken
in the z-direction only due to the presence of external
field Vwall(z). More precisely, Veff (z) can be defined as
follows [16]:

βVeff (z) = − ln
[

P(z)
P(z → ∞)

]
, (4)

where P(z) stands for the probability density of finding
the centre of mass of the polymer at a distance z away
from the wall, whereas the term P(z → ∞) accounts
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for the normalisation of the effective potential: Veff (z →
∞) = 0. Accordingly, we employ a standard umbrella
sampling technique [53] to measure the distribution
function P(z): the whole region of interest [zmin, zmax]
is divided into ‘windows’ of width �zj centred at zj
(j = 1, . . . ,Nwindows), within which the effective poten-
tial does not vary more than few kBT. It is important to
note that the neighbouringwindowsmust overlap, so that
the effective potentials Vj

eff (z) sampled in separate win-
dows could be joined afterwards. Furthermore, an addi-
tional local bias potential Vj

bias(z) has to be included to
assure that the polymer remains within the preset region
of space. In particular, in our MC simulations we used
an infinite well bias potential, which diverges as the cen-
tre of mass of the polymer crosses the boundaries of the
current sampling window, and vanishes otherwise. As a
result,Vj

eff (z) can be obtained from the distribution func-
tions Pj(z), which yield the probability density of finding
the centre of mass of the polymer in the jth window at a
distance z away from the wall, as follows:

Vj
eff (z) = −kBT ln Pj(z) − Vj

bias(z) + cj, (5)

where cj’s are needed to join together the potentials in
neighbouring windows, and they have been determined
as described in [54].

2.2. Metric properties

The shape, size and orientation of amacromolecule, often
named metric properties, can be described with the help
of the eigenvalues and eigenvectors of its radius of gyra-
tion tensor G [55], whose components are given by the
following expression:

Gαβ = 1
N

N∑
i=1

(
ri,α − rcm,α

) (
ri,β − rcm,β

)
, (6)

where ri’s denote the coordinates of each constituent part
of the molecule, rcm = (1/N)

∑N
i=1 ri is the position of

its centre of mass and the indices α and β (α,β = 1, 2, 3)
stand for the three Cartesian components.

More specifically, let us assume that λ1, λ2 and λ3 are
the three eigenvalues of the matrix G in Equation (6)
sorted in the descending order (i.e. λ1 ≥ λ2 ≥ λ3) and
the associated normalised eigenvectors are ê1, ê2 and ê3.
Then, the average size of a polymer is given by the root-
mean-square value of the gyration radius Rg ≡ 〈R2g〉1/2
with R2g = λ1 + λ2 + λ3. In order to describe its aver-
age extension in the directions parallel and perpendic-
ular to the walls, we use the root-mean-square values
R‖ ≡ 〈R2‖〉1/2 and R⊥ ≡ 〈R2⊥〉1/2, respectively, defined as

follows:

R2‖ = λ1 sin2 θ1 + λ2 sin2 θ2 + λ3 sin2 θ3, (7a)

R2⊥ = λ1 cos2 θ1 + λ2 cos2 θ2 + λ3 cos2 θ3, (7b)

where θi denotes the angle between the eigenvector êi and
the z-axis such that cos θi = êi · ẑ.

Finally, alignment of the eigenvectors êi along the out-
of-plane (z) direction can be conveniently quantified by
means of the second Legendre polynomial

P2(cos θi) = 1
2
(
3 cos2 θi − 1

)
, (8)

which averages out to 0, if there is no preferred orien-
tation for êi along ẑ. Furthermore, a value of 1 or −0.5
indicates that êi is predominantly aligned in the direction
of ẑ or orthogonal to it, respectively.

2.3. Density functional theory

DFT represents a powerful tool for studying classical
inhomogeneous systems that typically encounter in fluid
theory and soft matter [56]. It hinges on two fundamen-
tal theorems [57–59] stating that the grand potential 


of a system subject to an external potential Vext(r) in the
grand canonical ensemble is a unique functional of the
equilibrium single-particle density ρ0(r). Accordingly,
ρ0(r) can be obtained by minimising the grand potential
functional


[ρ] = Fid[ρ] + Fex[ρ] +
∫

d3rρ(r)Vext(r)

− μ

∫
d3rρ(r), (9)

with respect to ρ(r). Here, μ = const denotes the fixed
value of the chemical potential of the fluid, and the ideal
free energy functional Fid[ρ] is given by the well-known
expression

Fid[ρ] = β−1
∫

d3rρ(r)
[
ln
(
ρ(r)�3)− 1

]
, (10)

where β = 1/kBT and � =
√
2πβ�2/m. The excess free

energy term Fex[ρ] is generally unknown and quality of
results heavily depends on the approximations made. In
this work, we model it using the mean-field functional

Fex[ρ] = 1
2

∫∫
d3r d3r′ ρ(r)ρ(r′)v(|r − r′|), (11)

which has been proven to deliver accurate results for
ultrasoft pair potentials v(r) [60–65] (i.e. those satisfying
the integrability condition

∫∞
0 dr r2v(r) < ∞ in three

dimensions). In particular, the effective, coarse-grained
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interaction between two ring polymers [24–26], as well
as between two linear chains [16,18], belongs to this class
of potentials.

Application of the minimisation principle to grand
potential functional (9) yields the following integral
equation for the equilibrium density profile:

ln
(
ρ(r)�3)+

∫
d3r′ρ(r′)βv(|r − r′|)

+ βVext(r) = βμ. (12)

Furthermore, for the sake of convenience, μ in the
equation above can be replaced with the bulk density of
the fluid, ρb, by taking into account the free energy of the
bulk fluid in our model

F(ρb) = Nβ−1 [ln (ρb�3)− 1
]+ 1

2
Nρbv0, (13)

where v0 = ∫
dr v(|r|). Note that the constant v0 is finite

due to integrability of the potentials considered. Conse-
quently, Equation (13) implies that

μ =
(

∂F[ρb]
∂N

)
T,V

= β−1 ln
(
ρb�

3)+ ρbv0. (14)

Therefore, original integral equation (12) can be recast in
terms of the bulk density as follows:

ln (ρ(r)/ρb) +
∫

d3r′ρ(r′)βv(|r − r′|)

+ βVext(r) = ρbβv0. (15)

In Sections 5 and 6, we will present the numeri-
cal solution of Equation (15) for ring polymers under
confinement, combining the well-known effective inter-
action between rings [24–26] with the effective inter-
action between the ring polymers and the hard wall,
reported in Section 4.

3. Metric properties of a ring polymer under
confinement

In this section, we consider a flexible ring polymer with
polymerisation degree N=250 (as will be seen in the
subsequent sections, confined rings for such N are long
enough to demonstrate universal behaviour, independent
of the underlying monomer-resolved model) under con-
finement, and we analyse how the latter affects its metric
properties. We consider two different kinds of geometri-
cal constraints: (i) a slit-like confinement, where the ring
can move freely between two hard walls, placed at rela-
tive distance d, and (ii) a single-wall confinement, where
we keep the centre of mass of the ring fixed at a distance d
from the wall. In both cases, we aim at studying the shape
and conformation of the ring in order to have a better
understanding of the effective ring–wall interaction and
the equilibrium properties, reported in Sections 4–6.

3.1. Slit-like confinement

We first consider the metric properties of a ring poly-
mer of length N = 250, located between two parallel,
impenetrable walls separated by distance d. As already
mentioned, x- and y-axes are parallel to the slit plane
and walls are placed at z = 0 and z=d. Slit widths d
were investigated in range [1σ , 60σ ] using a non-uniform
mesh. For each value of d, statistics was gathered over
105–106 independent configurations, which resulted in
typical measurement errors < 0.01σ that are not shown
in the plots below. The bulk radius of gyration of the poly-
mer Rg,0/σ = 9.534 ± 0.001 is used as a common unit of
length.

The effect of slit-like confinement on the average size,
shape and orientation of the ring is illustrated in Fig-
ures 1–3. The overall behaviour closely resembles that
of linear chains [66–70] and confirms the previously
obtained results for rings [71,72]. In particular, for slit
widths d � 4Rg,0 the size (see Figures 1 and 2(a,b)) and

Figure 1. (a) Total (Rg) and in-plane (R‖) gyration radius of the ring polymer with N= 250 monomers as a function of slit width d. Inset:
a log–log plot of R‖ stressing its scaling behaviour accounted for de Gennes’ blob theory. (b) Out-of-plane radius of gyration, R⊥, in
dependence on d.
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Figure 2. Eigenvalues of the gyration tensor,Gαβ , for the ring polymerwithN= 250monomers in dependence on slit width d and scaled
(a)with the associated bulk valuesλ1,0 = 59.73 ± 0.03σ ,λ2,0 = 24.24 ± 0.01σ ,λ3,0 = 8.251 ± 0.004σ and (b) 〈R2g〉 for the correspond-
ing value of d. Ratios of the eigenvalues shown in panel (c) demonstrate a drastic asymmetry of the polymer for d < 2Rg,0 resulting in its
overall ‘pancake’-shape.

Figure 3. (a) Alignment of the eigenvectors of the radius of gyration tensor, êi , for a confined ring polymer with N= 250 monomers
quantified by means of the expectation value of the second Legendre polynomial P2 (8) as a function of slit width d. (b) Monomer den-
sity distributions for various values of slit widths as a function of ζ = z/d, where z denotes the distance from the centre of the slit, in
comparison to scaling formula (17) plotted with the solid grey line.

shape (see Figure 2(c)) of the ring remain nearly unaf-
fected by the presence of the walls, although already in
this regime its longest and middle principal axes start to
orient parallely to the slit plane, whereas its smallest prin-
cipal component tends to align orthogonally to it (see
Figure 3(a)). This is caused by the fact that the monomer
density distributions (indicated in Figure 3(b)) do not
vanish in the proximity of the walls, which means that
there exist a certain amount of oriented configurations of
the ring contributing to the average of P2(cos θi). Further
narrowing of the slit (2Rg,0 � d � 4Rg,0) causes even
stronger orientation of the eigenvectors and a simultane-
ous decrease in size of all the corresponding eigenvalues
(see Figure 2(a,b)) with a minimum of the average size

of the ring at about 2Rg,0. In this regime, the polymer
is squeezed along the z-direction more strongly than it
is swollen along the two lateral directions, leading to an
overall decrease in Rg , manifesting itself as the charac-
teristic dip around d/Rg,0 = 2 in the curve for the total
gyration radius in Figure 1(a).

The excluded volume effects play the decisive role
that causes drastic in-plane elongation of the ring as d
shrinks only further on. In fact, the following behaviour
can be observed for d � 2Rg,0: the two biggest eigenval-
ues start rising abruptly, with the smallest one mono-
tonically approaching zero such that the in-plane gyra-
tion radius, R‖, gradually becomes that of a two-
dimensional self-avoiding walk, according to de Gennes’
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blob representation [73], satisfying the following scaling
relation:

R‖/Rg,0 ∼ (
d/Rg,0

)1−ν2D/ν3D , (16)

with the scaling exponent 1 − ν2D/ν3D = −0.276, where
the Flory exponents in good solvent are ν2D = 3/4 and
ν3D = 0.588 for two and three dimensions, respectively.
For this exponent, we obtain a value−0.24 ± 0.02 which
lies below the one predicted by the de Gennes theory
for linear chains and explicitly confirmed numerically
for rings [71]. This can be explained by the fact that the
considered ring withN=250 is not long enough to com-
pletely unfold the two-dimensional scaling behaviour.
Finally, as expected for d � Rg,0, the longest and mid-
dle principal components of the ring predominantly align
parallel to the slit plane with the smallest one lying per-
pendicularly to it. Two larger eigenvalues are of the same
order of magnitude but considerably exceed the small-
est one (see Figure 2(c)), which results in an overall
‘pancake’-shape of the ring.

In addition,we compare the obtainedmonomer densi-
ties for the ring polymer to the following scaling formula
valid for ideal and self-avoiding linear chains [67,74]:

ρ(ζ ) = � (2 + 2/ν)

(� (1 + 1/ν))2
(
1/4 − ζ 2)1/ν , (17)

where ζ = z/d with z denoting the distance from the
centre of the slit and ν = 0.588. Density profiles for
some characteristic values of slit width d are shown in
Figure 3(b) and are in fair agreement with the ansatz (17).
We also report that even better correspondence can be
achieved using the variable ζ = z/(d + δ), where δ is a
non-universal fit parameter.

3.2. Single-wall confinement

Our next objective is to consider metric properties of the
same ring polymer with a number ofN=250 monomers

as its centre ofmass approaches a single, hardwall located
at z=0. This is an important step to judge the validity
of the effective ring–wall interaction, to be derived for a
ring and a single wall in Section 4, also for the case of
confinement between two walls, which is necessary for
the calculation of the depletion interaction in Section 5.
Indeed, to the extent that the presence of the second wall
does not significantly affect the conformations of a ring
whose centre of mass is held at a fixed separation from
another, symmetrically positioned wall, additivity of the
two ring–wall interactions can be safely assumed.

For these purposes, we introduced in our MC simu-
lations an additional infinite well bias potential, which
maintained the centre of mass of the polymer in a nar-
row ‘window’ of width 0.1σ centred at the distance h
away from the wall for various values of h in the range
[0.5σ , 16σ ]. Similarly, for each value of h, statistics was
gathered over 105–106 independent configurations, the
resulting errors do not exceed 0.01σ and therefore are not
shown in the plots.

In general, the results obtained here closely resem-
ble those for a ring polymer confined within a slit of
width d ∼= 2h. In order to outline the differences between
these two cases, Figure 4 includes the average size (4(a))
and orientation (4(b)) of the ring as a function of 2h,
i.e. at double the distance between its centre of mass
and the wall, which can be directly compared to the
results for a slit-like confinement shown in Figures 1(a)
and 3(a), respectively. For instance, it can be easily seen
in Figure 4(a) that Rg in a similar way attains a mini-
mum at about h ≈ 0.8Rg,0 and then rises sharply for h �
0.5Rg,0. At the same time, R‖ monotonically increases
with decreasing h for h � 1.5Rg,0. This behaviour, as in
the case of slit-like confinement, is bound to the fact that
the polymer enters the two-dimensional self-avoiding
random walk (Equation (16)) for which we find a simi-
lar value of the scaling exponent−0.25 ± 0.02. However,

Figure 4. (a) Total (Rg) and in-plane (R‖) gyration radius of the ring polymer with N= 250 monomers as a function of the separation
between its centre of mass and a hard wall, h. Inset: a log–log plot of R‖ emphasising its scaling behaviour. (b) Alignment of the eigen-
vectors of the ring’s radius of gyration tensor, êi , quantified by means of the expectation value of the second Legendre polynomial P2,
Equation (8), as a function of h. The values on the x-axis are doubled to be able to make a direct comparison to the results for the slit-like
confinement.
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Figure 5. Representative conformations of a ring polymer far
away (left) from and close (right) to a hard wall.

the additional constraint of fixing the centre ofmass posi-
tion of the polymer at a certain distance away from the
wall has a profound effect on its orientation: in contrast
to the slit-confinement which shows some orientational
preference for d ∼= 3Rg,0, the single-wall confined ring at
2h ∼= 3Rg,0 practically does not experience the presence
of the wall, featuring eigenvectors of its radius of gyra-
tion tensor distributed uniformly (compare Figure 3(a)
to Figure 4(b)). However, these differences are small and
they are not expected to lead to strong non-additivity
effects for two walls in terms of the effective ring–wall
potential.

We have therefore shown that the metric properties
of a ring polymer with its centre of mass held at a
distance h away from an impenetrable wall effectively
resemble those for the polymer confined within a slit of
width d=2h: in particular, for h � Rg,0/2 or d � Rg,0,
in both cases the ring gradually becomes two dimen-
sional and deforms significantly with respect to the three-
dimensional randomwalk regime (see Figure 5). This fact
leads to a dramatic loss of entropy for rings constrained
to lie either very close to a wall or within narrow slits of
two walls, which manifests itself as a strongly repulsive,
entropic, effective ring–wall interaction, to be discussed
next.

4. Coarse-graining of ring polymers on planar,
hard walls

We carried out extensive umbrella sampling calculations
for polymers of different degree of polymerisation N.
Figure 6 shows the effective potentials as a function of
the distance of the centre of mass away from the wall, for
either ring (Figure 6(a)) or linear polymers (Figure 6(b)),
for different degrees of polymerisation N. We observe

that the effective potential in the ring polymer case col-
lapses on a master curve in their natural units z/Rg,0 for
N > 200, whereas the same holds for linear polymers
already for N > 100. At least qualitatively, this difference
can be understood as follows: on dimensional grounds,
we can express the effective potential Veff (z) in terms of
the fundamental energy and length scales of the system,
as well as on N. If we make the assumption that the lat-
ter enters solely through the dependence of the gyration
radius Rg,0 on N, then we expect an effective potential of
the form

βVeff (z) = φ
(
z/Rg,0, σ/Rg,0

)
, (18)

where φ is some dimensionless function, kBT = β−1

determines the energy scale of the system, whereas σ and
Rg,0 designate the length scales on themonomer-resolved
and coarse-grained level, respectively. Accordingly, on
the coarse-grained level we can write

βVeff (z) = φ
(
z/Rg,0, σ/Rg,0

) = φ0(z/Rg,0)

+
(

σ

Rg,0

)
φ1(z/Rg,0) + O

(
σ

Rg,0

)2
, (19)

where we have used σ/Rg,0 as an expansion parame-
ter whose leading order in N scales as σ/Rg,0 = αN−ν3D

(ν3D = 0.588), and φ0,φ1 are some other dimensionless
functions. Most importantly, the numeric constant α that
depends on the architecture of the polymers is larger for
the rings in comparison to the linear chains, as their Rg,0
is smaller for a fixed N, and therefore the contribution
arising from the term φ1(z/Rg,0) becomes negligible only
for longer rings.

In Figure 6(b), we show the comparison between the
effective wall potentials of the ring and linear polymers in
the apparent scaling regime: we observe for rings a higher
amplitude of the potential. This can be understood using
a simple mean-field argument: a ring polymer coil hav-
ing the same mean size as a linear polymer consists out
of more monomers than the latter. Therefore, rings are
expected to interact more often with the wall as the cen-
tre of mass of the coil approaches z=0 with respect to
the linear counterpart. Obviously, this results in higher
values of the interaction energy for a fixed z.

Following Bolhuis et al. [19] and Bolhuis and Louis
[20], we fit the interaction potential of the coarse-grained
polymer coils on hard walls with a cubic exponential
function (z below is measured in units of Rg,0):

βVeff (z) = a0 exp
(
a1z + a2z2 + a3z3

)
, (20)

which provides a reasonable accuracy with numerical
data. For the longest ring polymer considered (N=250),
we obtain the following fit parameters: a0 = 120.354(8),
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Figure 6. Effective potentials, βVeff(z), between the centre of mass of a polymer of ring (a) and linear (b) topology and a planar, hard
wall given for various polymerisation degrees N. The dashed line in panel (b) corresponds to the ring with N= 250 monomers and is
plotted to emphasise the difference between the effective interactions for the two polymer architectures considered.

a1 = −8.151(06), a2 = 5.536(85), a3 = −2.274(43). The
corresponding values for the linear polymer case (N=
150) are a0 = 75.250(2), a1 = −8.157(61), a2 = 4.789
(82), a3 = −1.512(00). Interestingly, close to the wall
(z < Rg,0) the potentials for the both architectures stud-
ied can be very accurately described as a repulsive
Yukawa interaction featuring comparable decay lengths
but distinct amplitudes. However, the tail of a Yukawa-
like functional form has a slower decay in comparison to
numerical data, which results in a non-negligible differ-
ence in the fluid structure obtained from DFT calcula-
tions.

The obtained effective interaction of ring polymer on
hard walls, in conjunction with the effective inter-ring
potential [24–26], can be used to represent a ring poly-
mer as a ‘soft-colloidal’ particle whose spatial degrees
of freedom are described only by the former centre of
mass position of the polymer. This enables us to study
ring polymer solutions under confinement employing
standard DFT methods outlined in Section 2. We first
consider in detail the solution in contact with a single
hard wall in Section 5 and then move on to the case of
two hard walls presented in Section 6.

5. Ring polymer fluids near a hard wall

In this section, we apply DFT, briefly introduced in
Section 2, to calculate the density profile of a solution
of ring polymers in contact with a hard wall; as further
characterisation, we calculate the surface tension at the
interface between the fluid and the wall. We carry on the
comparison with the linear case, showing that there are
qualitative and quantitative differences between the two
cases.

5.1. Structure of the equilibrium density profiles

Let us consider a ring polymer solution in contact with
a planar, hard wall. Without loss of generality we assume

that the system is enclosed by a large box with volume V
and that the wall is located at z=0 confining the fluid to a
half-space z ≥ 0 (note that the z-axis is orthogonal to the
wall). The gyration radius Rg,0 of the polymers is adopted
as the fundamental length scale of the system.

We can exploit the symmetries of the system in order
to simplify Equation (15) further. First of all, we note that

Vext(r) ≡ Vext(z) =
⎧⎨
⎩
Veff (z), for z ≥ 0,

+∞, for z < 0.
(21)

Under such form of the external field, the equilibrium
densities obtained from Equation (15) must depend on
the z-coordinate only due to the preservation of the
translation symmetry in the x- and y-directions: ρ(r) ≡
ρ(z). Furthermore, the geometry of our setup ensures
that ρ(z) = 0 for z<0. We obtain an explicit, one-
dimensional self-consistency condition for the equilib-
rium profile ρ(z), viz.:

ln (ρ(z)/ρb) +
∫ +∞

−∞
dz′ ρ(z′)βv̄(|z − z′|) + βVext(z)

= ρbβv0, (22)

where the following shorthand has been introduced:

βv̄
(|z − z′|) =

∫ +∞

−∞
dx′

∫ +∞

−∞
dy′ βv(|r − r′|). (23)

Last, for z ≥ 0 we set

ρ(z) = ρb + �ρ(z), (24)

where �ρ(z) goes to zero for large values of z
(i.e. ρ(z) approaches ρb as z → +∞). Substitution of
Equation (24) into Equation (22) leads to the final form
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of the integral equation:

ln (1 + �ρ(z)/ρb) = −βVeff (z)+ ρb

∫ +∞

z
dz′ βv̄(|z′|)

−
∫ +∞

0
dz′ �ρ(z′)βv̄(|z − z′|), for z ≥ 0, (25)

where we have used the identity v0 = ∫ +∞
−∞ dz′ v̄(|z −

z′|) stemming from the translational invariance of the
integral. This equation can be solved numerically by iter-
ation, until self-consistency between the short-ranged
sought-for function �ρ(z) on both sides has been
achieved. Note that the bulk density, ρb, is the only free
parameter in integral equation (25) that has to be speci-
fied at the beginning of each numerical computation.

Equation (25) allows us to obtain the equilibrium
structure of polymer solutions under a single-wall con-
finement, as long as the effective potentials Vext(r) and
v(r) in the coarse-grained representation are specified.
As already mentioned, in this article we are mainly inter-
ested in the ring polymer solutions. The effective inter-
action potential v(r) between the centres of mass of two
rings [24] has been shown to bemodelled very accurately
by the following expression [25]:

βv(r) = U0

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

4π
3
R3<, for 0 ≤ r < R−,

π

12r
(r2 + 2R+r

−3R2−)(R+ − r)2,
forR− ≤ r < R+,

0, for r ≥ R+.
(26)

where U0 = 1.434, R> = 1.419, R< = 1.000 and R± =
R> ± R<, arising from overlap volumes between two
unequal spheres of radii R+ and R− < R+, all lengths
measured in units of Rg,0. In conjunction with the effec-
tive external potential devised in the previous section,
we have calculated density profiles of rings in contact
with hard walls. We compare these profiles with the

corresponding ones for linear chains, for which a Gaus-
sian effective interaction between their centres of mass
has been employed [20], subject to the external wall-
chain potential given by Equation (20) and employing
the parameters appropriate to linear chains. Here, the
bulk polymer concentrations are expressed as ratios over
the overlap density of the polymers, ρ∗, the latter being
defined by the relationship (4π/3)R3

g,0ρ
∗ = 1.

Figure 7 displays the resulting density profiles,
expressed in terms of the quantity h(z) ≡ ρ(z)/ρb − 1,
obtained for increasing bulk density up to the onset of
the semi-dilute regime (defined as ρb/ρ∗ ≥ 1), for either
ring (Figure 7(a)) or linear (Figure 7(b)) polymers. It is
important to point out the crucial difference: in com-
parison to the linear chains, rings in solution feature a
density profile with oscillations that intensify with higher
values of ρb. For the linear counterparts, we observe a
non-oscillatory behaviour with a main peak close to the
wall, whose height rises with the bulk density. In this
sense, the density profiles of ring polymers close to hard
walls are reminiscent of those obtained for much harder
colloidal particles, such as hard spheres [75,76] or mul-
tiarm star polymers [77]. Both of the latter colloids are
indeed strongly repulsive to one another, as well as to
the wall, and thus the oscillatory profile is a natural con-
sequence of the strong short-range correlations arising
among them. It is quite astonishing that a similar phe-
nomenology would arise also with ring polymers, which
are merely single polymer chains with their two ends tied
together. The reason behind these strong correlations is
twofold: on the one hand, the ring–wall interactions are
significantly more repulsive than their chain-wall coun-
terparts. On the other, and more importantly, the nature
of the ring–ring interaction, featuring a plateau at close
ring–ring approaches, favours full ring overlaps as con-
centration grows and leads to the formation of composite
clusters which strongly repel one another (the inter-
cluster repulsion scales with the square of the population
of the cluster). This peculiar form of self-organisation,

Figure 7. Equilibrium density profiles h(z) = ρ(z)/ρb − 1 as a function of z/Rg,0 obtained from DFT calculations at different densities,
for (a) ring and (b) linear polymer solutions in contact with a hard, planar wall. Bulk densities are scaled with the overlap concentration
defined as ρ∗ 4πR3g,0/3 = 1.
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which allows for the formation of cluster-like order even
in the absence of repulsions [61,78], plays an important
role in the emergence of the oscillatory density profiles
of the rings, and it has been independently confirmed
by monomer-resolved simulations of confined ring poly-
mers [79].

Finally, it is very important to emphasise the range
of applicability of our DFT calculations. As reported in
[24], results obtained by ultrasoft colloid representation
of flexible ring polymers significantly differ from full
monomer-resolved simulations for densities higher than
ρ/ρ∗ ≈ 0.8. In particular, the effective infinite-dilution
pair potential of Equation (26) belongs to the Q±-class
of potentials with negative components in their Fourier
spectra and, therefore, causes the formation of cluster
crystals [61,78] as the fluid density goes into the semi-
dilute regime.However, this feature is not reproducible in
the monomer-resolved simulations of flexible ring poly-
mers due to many-body interactions arising at higher
densities. Nevertheless, as we can see in Figure 7(a), even
in the dilute regime, the density profiles of the ring poly-
mer solution in contact with the wall feature the oscil-
latory behaviour and thus show a qualitative difference
in comparison to their linear counterparts. Finally, such
structure of the ring polymer fluids under confinement
gives a rise to the oscillating form of the depletion inter-
action between two plates immersed in it, which will be
considered in Section 6.

5.2. Surface tension at the wall–liquid interface

Surface tension of the interface between a fluid and a pla-
nar, hard wall can be computed straightforwardly as the
difference between the grand potential of the system per
unit area in the presence and absence of the wall [56]:

γ = 
1 − 
b

A
, (27)

whereA is the area of the interface,
1 denotes the grand
potential of the fluid in contact with one hardwall and
b
is the grand potential of the unconfined, bulk fluid. DFT
offers an optimally suited framework to calculate the sur-
face tension. To make our notation precise, we first con-
sider the grand potential functional of Equation (9) for
the case of a fluid in contact with a single wall, which we
denote as
1[ρ(z); L], where L is the length of the system
perpendicular to the wall. Minimising this quantity with
respect to the density profile at a given chemical poten-
tial (or bulk density ρb), we obtain the grand potential of
the fluid in contact with one hard wall and extending a
(finite) length L perpendicularly to the wall, viz.:


1(L) ≡ min
{ρ(z)}


1[ρ(z); L]. (28)

The quantity 
1 of Equation (27) is simply the limit of

1(L) as the system becomes semi-infinite. Accordingly,
the surface tension γ is expressed as [76]

γ = lim
L→∞


1(L) − Vωb(ρb)

A

= lim
L→∞

[

1(L)
A

+ pL
]
, (29)

with the grand potential density ωb(ρb) ≡ 
b/V = −p
and the pressure p of the bulk fluid expressed with the
help of Equations (9) and (14) as

p =
(

ρbβ
−1 + ρ2

bv0

2

)
≡ −ωb(ρb). (30)

It is straightforward to showwithin our DFT approach
that the quantity
1(L)/A contains one contribution that
scales linearly with L and exactly cancels with the term
pL in Equation (29), leaving thus γ as an intensive quan-
tity. With ρ(z) being the equilibrium density profile and
�ρ(z) = ρ(z) − ρb, we obtain, after some algebra, the
surface tension γ in closed form as follows:

γ = β−1
∫ +∞

0
dz ρ(z) ln

[
ρ(z)
ρb

]

+ 1
2

∫ +∞

0
dz�ρ(z)

∫ +∞

0
dz′ �ρ(z′)v̄(|z − z′|)

+ ρb

∫ +∞

0
dz
∫ +∞

0
dz′ �ρ(z′)v̄(|z − z′|)

− ρ2
b
2

∫ +∞

0
dz
∫ +∞

z
dz′ v̄(|z′|)

+
∫ +∞

0
dz ρ(z)Veff (z)

− (
β−1 + ρbv0

) ∫ +∞

0
dz�ρ(z), (31)

whichmakes it convenient to calculate γ , since themulti-
ple integrals are convolutions, easily evaluated via Fourier
transformations, which all exist because �ρ(z) → 0 as
z → ∞. The obtained surface tension for the ring and
linear polymer case is compared in Figure 8, where it
can be seen that the former exceeds the latter approxi-
mately by a factor of two, even deep in the dilute regime.
This effect arises from the much more strongly repul-
sive nature of the wall–ring interaction, as compared to
the wall-chain potential but also from the stronger inter-
ring repulsion v(r), which gives the ring fluid a stronger,
oscillatory structure next to the wall, and it enhances,
therefore, also the entropic contribution to the surface
tension, given by the first term in Equation (31).
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Figure 8. Surface tension at the interface between polymer solu-
tions and the hard wall as a function of the bulk density, ρb,
obtained from DFT calculations.

6. Ring polymer fluids confined between two
parallel walls

In this section, we apply DFT to calculate the deple-
tion interaction caused by a solution of ring polymers
confined between two hard walls. As previously men-
tioned, a slit-like confinement can be used as a model
geometry to investigate the qualitative feature of deple-
tion interactions. The depletion potential is, in this con-
text, the penalty that arises from the decrease of the
entropy of a fluid caused by the insertion of two sur-
faces, placed at a distance d. In order to address such
problem, we first calculate the density profiles of the
fluid in a slit-like confinement. We observe again the
onset of an oscillatory behaviour in the density profile
of the system that remains as a feature of the deple-
tion interaction. Comparison with the linear case is pre-
sented for both quantities, showing drastic qualitative
differences.

6.1. Structure of the equilibrium density profiles

We consider the following geometry of our setup: the
first wall is placed at z=0, whereas the second one is
located at the distance z=d>0 away from it. The total
external field exerted on the fluid has then the following

form:

Vext(z) =
{
Veff (z) + Veff (d − z), for 0 ≤ z ≤ d,
+∞, otherwise.

(32)
As in the previous problem, symmetry arguments imply
that ρ(r) ≡ ρ(z). Moreover, in this case ρ(z) van-
ishes outside the interval 0 ≤ z ≤ d and we expect its
reflection-invariance with respect to the plane z = d/2:
ρ(z) = ρ(d − z).

Manipulations analogous to those performed in the
previous section enable us to recast original integral
equation (25) in the following form:

ln (1 + �ρ(z)/ρb) = −βVeff (z) − βVeff (d − z)

−
∫ d

0
dz′ �ρ(z′)βv̄

(|z − z′|)

+ ρb

∫ +∞

z
dz′ βv̄(|z′|) + ρb

∫ +∞

d−z
dz′ βv̄(|z′|),

for 0 ≤ z ≤ d. (33)

Obviously, the only difference between Equations (33)
and (25) is the appearance of the term −βVeff (d − z) +
ρb
∫ +∞
d−z dz′ βv̄(|z′|) responsible for the interaction with

the second wall located at z=d. In Figure 9, we show
the resulting equilibrium density profiles for the ring
(Figure 9(a)) and linear (Figure 9(b)) polymer solutions
obtained for a fixed distance between the walls at various
bulk densities. As in the single-wall case, for high enough
ρb (or for small enough d) the rings, in comparison to
the linear chains, exhibit strongly oscillatory density pro-
files, within the range of applicability of the effective
model. These are reminiscent of the profiles obtained
for hard-sphere solutions between two walls. In addition,
Figure 10 displays the average density of polymers within
a slit, ρ̄, provided by

ρ̄(d) = d−1
∫ d

0
dz ρ(z) (34)

Figure 9. Equilibrium density profiles h(z) = ρ(z)/ρb − 1 as a function of z/Rg,0 obtained from DFT calculations at different densities,
for (a) ring and (b) linear polymer solutions confined between two hard walls separated by the fixed distance d = 8.192Rg,0.



MOLECULAR PHYSICS 2923

Figure 10. Average density of polymers, given by Equation (34),
within a slit as a function of slit width d/Rg,0 obtained from DFT
calculations at various bulk densities. Results for ring polymers
are represented by solid lines, whereas those for linear chains by
dashed ones.

in dependence on its width, d, and the polymer archi-
tecture. It can be seen that rings, due to their higher
mutual repulsion, tend to leak into the slit on average
more than linear chains. Still, the average density within
the slit remains lower than its value in the bulk.

6.2. The depletion potential

Finally, we turn our attention to the depletion poten-
tial Vdep(d) between two infinite, hard walls, separated
by a distance d and immersed in a solution of (ring or
linear) polymers of bulk density ρb. Formally, the deple-
tion potential is defined as the difference of the grand
potential of the whole system between its value at wall
separation d and its value at some other reference sep-
aration between the walls, usually taken as the limit
d → ∞, at fixed overall system volume [75,80,81]. Once
more, DFT offers us a suitable framework to calculate this
quantity. To this purpose, we first consider the laterally
averaged variational grand canonical density functional

2[ρ(z); d] for the part of the fluid confined between
two walls at separation d (i.e. excluding the fluid out-
side the walls). From the general form of the functional,
Equation (9), it follows that


2[ρ(z); d]
A

= β−1
∫ d

0
dz ρ(z)

[
ln
(
ρ(z)�3)− 1

]

+ 1
2

∫ d

0
dz ρ(z)

∫ d

0
dz′ ρ(z′)v̄(|z − z′|)

+
∫ d

0
dz ρ(z)Veff (z) +

∫ d

0
dz ρ(z)Veff (d − z)

− μ

∫ d

0
dz ρ(z), (35)

where A is the walls’ area. In analogy with Equation (28),
we define the grand potential of the confined fluid,
2(d),

as

2(d)
A

≡ min
{ρ(z)}


2[ρ(z); d]
A

. (36)

Let ρd(z) be precisely the density profile that minimises
the functional
2[ρ(z); d] and set�ρd(z) ≡ ρd(z) − ρb.
It is straightforward to show the following:


2(d)
A

= ωb(ρb)d

+ β−1
∫ d

0
dz ρd(z) ln

[
ρd(z)
ρb

]

+ 1
2

∫ d

0
dz�ρd(z)

∫ d

0
dz′ �ρd(z′)v̄(|z − z′|)

+ ρb

∫ d

0
dz
∫ d

0
dz′ �ρd(z′)v̄(|z − z′|)

− ρ2
b

∫ d

0
dz
∫ +∞

z
dz′ v̄(|z′|)

+
∫ d

0
dz ρd(z)Veff (z) +

∫ d

0
dz ρd(z)Veff (d − z)

− (
β−1 + ρbv0

) ∫ d

0
dz�ρd(z). (37)

Comparing Equation (37) with Equation (31), we readily
obtain that in the limit of large inter-wall separation, d →
∞, the quantity 
2(d)/A reduces to a bulk contribu-
tion from the fluid within the walls, ωb(ρb)d, augmented
by twice the surface tension γ , due to the presence of
two liquid–wall interfaces, as it should. Note that in
this limit the superposition ρd(z) = ρ1(z)�(d/2 − z) +
ρ1(d − z)�(z − d/2) holds true, where ρ1(z) is the den-
sity profile minimising the grand potential functional in
the presence of a single wall.

On the other hand, the whole system occupies a total
volume V = A × L in a box of cross-sectional area A
and length L. Accordingly, the fluid outside the con-
fined walls forms two wall–fluid interfaces that bring
forward a grand potential cost 2γA, in addition to a bulk
grand potential contribution equal to ωb(ρb)A(L − d).
Accordingly, the rest of the system has a grand potential
contribution


rest(d)
A

= 2γ + ωb(ρb)(L − d). (38)

Letting


(d) ≡ 
2(d) + 
rest(d) (39)

denote the grand potential of the entire fluid and the
immersed walls, the depletion potential is defined as

Vdep(d) = 
(d) − 
(d → ∞). (40)

It can be readily seen from Equations (37) and (38)
that the terms involving ωb(ρb)d cancel, leaving at 
(d)
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Figure 11. Depletion potential per unit area between two hard walls immersed in a dilute (a) ring and (b) linear polymer solution as a
function of d/Rg,0 obtained from DFT calculations at different densities in the bulk.

only a term ωb(ρb)L, which then also disappears from
Vdep(d) by virtue of Equation (40). The final expression
for Vdep(d) thus reads as

Vdep(d)
A

= −2γ

+ β−1
∫ d

0
dz ρd(z) ln

[
ρd(z)
ρb

]

+ 1
2

∫ d

0
dz�ρd(z)

∫ d

0
dz′ �ρd(z′)v̄(|z − z′|)

+ ρb

∫ d

0
dz
∫ d

0
dz′ �ρd(z′)v̄(|z − z′|)

− ρ2
b

∫ d

0
dz
∫ +∞

z
dz′ v̄(|z′|)

+
∫ d

0
dz ρd(z)Veff (z) +

∫ d

0
dz ρd(z)Veff (d − z)

− (
β−1 + ρbv0

) ∫ d

0
dz�ρd(z). (41)

Within our mean-field density functional, we can thus
obtain the depletion potential (per unit area) for two par-
allel, infinite walls in closed form from Equation (41). A
direct comparison with Equation (31) readily confirms
that all the d-dependent terms at the right-hand side of
Equation (41) add up to 2γ as d → ∞, consistent with
the property Vdep(d → ∞) → 0. At zero wall separa-
tion, on the other hand, the infinitely extending fluid
forms two interfaces with the walls (since the fluid itself
is completely depleted from the wall interior and only
the two exterior interfaces remain), whereas at infinite
wall separation four such interfaces are formed, two for
each wall. Accordingly, a gain of 2γA in the grand poten-
tial of the system results when the two walls coincide,
which is precisely the depth of Vdep(d) of Equation (41)
at d=0, where all integrals on the right-hand side vanish.
Finally, assuming that for d � Rg,0, the inter-wall space
remains essentially uninvaded from the polymers due to
the strong wall–polymer repulsion, the depletion force

per unit area on each wall should equal the unbalanced
osmotic pressure of the polymer solution. An expan-
sion of the right-hand side of Equation (41) for small d,
assuming �ρd(z) ∼= −ρb there, yields:

Vdep(d)
A

∼= −2γ +
(

ρbβ
−1 + ρ2

bv0

2

)
d, for d � Rg,0,

(42)
the term in the parentheses at the right-hand side being
indeed the bulk pressure, see Equation (30).

Figure 11 depicts the depletion potential between two
hard walls immersed in ring (Figure 11(a)) or linear
(Figure 11(b)) polymer solutions as a function of the slit
size d, for various bulk densities. As anticipated from
the equilibrium density profiles, in the dilute regime the
depletion potential in the ring polymer case preserves an
oscillatory shape with a maximum at about 0.5kBT at the
highest density considered exhibiting a drastic difference
compared to the case of linear chains. Moreover, a sim-
ilar oscillatory feature of the depletion potential is seen
as the one arising can be found in hard-sphere mixtures
[75,76,80–82] or hard-sphere–star polymer mixtures
[33,34], although the depletants are simple unbranched
polymers, only having the two ends attached. We antic-
ipate that colloid–ring-polymer mixtures will behave
very differently from colloid–linear-polymer mixtures,
for which the depletion interaction is void of oscilla-
tory features, and it thus causes a liquid–gas coexistence
when the attraction is sufficiently strong [16]. Finally,
we note that Equation (42) is fulfilled with remarkable
accuracy up to inter-wall separations d ∼= Rg,0, where the
depletion potential is indeed a linear function of the wall
separation d.

7. Conclusions

Wehave studied, bymeans ofMC simulations andmean-
field DFT calculations, the behaviour of dilute solutions
of flexible ring polymers under confinement, systemati-
cally comparing our results with the linear counterparts.
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We have first analysed the conformational properties of
a flexible ring polymer, when confined within a slit of
width d or kept fixed at a distance d/2 away from a
single hard wall. With such choice of the length scales
in both cases we observe similar effects of confinement
of the average size and orientation of the polymer. In
particular, the coil starts to align its two bigger prin-
cipal axes along the in-plane direction already for d �
3Rg,0, whereas its average size rises abruptly only for
d � Rg,0/2. The latter point indicates a transition of the
polymer to the two-dimensional random walk dynam-
ics. We have further computed the effective interaction
between the centre of mass of a ring polymer and a
planar and impenetrable wall, for various degree of poly-
merisation. The resulting effective potentials approach
a universal, functional form for N � 200 and feature
much higher interaction energies in comparison to the
case of linear chains. We have then complemented this
result with the well-established potential of mean force
between two ring polymers to develop a coarse-grained
model of the ring fluid under confinement. Note that
the form of the effective ring–ring interaction, which
was initially obtained for two unconfined polymers, will
certainly change in the vicinity of the wall, where the
rings essentially resemble disk-like objects. However, we
expect that this effect has a marginal influence on the
structure of the fluid for z � Rg,0/2 away from the wall.
The effective fluid has been studied in contact with one
and two hard walls employing standard DFT methods:
we have shown that, in both cases, the resulting den-
sity profiles in the dilute concentration regime feature
an oscillating profile reminiscent of hard-sphere systems.
This effect mainly originates from the unique form of
effective ring–ring interaction, which is caused by topo-
logical constraints, and cannot be observed in solutions
of linear chains. Finally, we have calculated the deple-
tion potential between two plates immersed in the ring
polymer solution, which also preserves the aforemen-
tioned oscillatory shape and therefore shows a drastic
difference to the linear counterparts. Future work will
focus on the extension of the above-described approach
to the mixtures composed of spherical, hard colloids
and flexible ring polymers and to the consequences
of this on the structure and phase behaviour of the
system.
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